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1. Introduction

iy sl s st

e

The distributions of functions of the eigenvalues of the real

and complex Wishart matrices are very useful in studying the struc-
tures of the covariance matrices of the real and complex multi-
variate normal distributions respectively and other problems.
Krishnaiah and Lee (1977) derived the joint asymptotic distribu-

tions of the linear functions as well as the ratios of the linear \

S S T Y R
AR e e R R e R S et e

functions of the roots of the central Wishart matrix when the

population covariance matrix has simple roots. Fujikoshi (1978)

N e ?
davs ) ik o i TR 2y
B SR A e

derived an asymptotic expression for the distribution of a func-

tion of the roots of the central Wishart matrix when the roots

g
have multiplicity whereas Krishnaiah and Lee (1979) obtained g
ccrresponding expressions for the joint density of the functions §
of the roots. In this paper, we obtain asymptotic expressions %
for the joint densities of various functions of the noncentral i %
real and complex Wishart matrices. These expressions are in ? f
terms of multivariate normal density and multivariate Hermite ‘\%
polynomials. Percentage points of some test statistics are é
computed by using the above asymptotic expressions and these i%
percentage points are compared with the results obtained by ;g
simulation. Applications of the above results are also discussed ’;§
in problems of studying the structure of interactions, mixtures

of multivariate normal populations, and reduction of dimension-

ality. The results obtained on the joint distribution of the
functions of the eigenvalues of the real Wishart matrix are

generalized to the case of multivariate quadratic forms. Finally,
the joint asymptotic distribution of the functions of the roots

of the complex Wishart matrik1is derived.
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2. Perturbation Technique

Let 213...32p be the eigenvalues of the symmetric matrix

T:pxp, and Alz...zxp are the eigenvalues of the symmetric matrix

V: pxp, where
Ple) = v + evid) 4 2 v(2) 4, (2.1)

Then, there exist orthogonal matrices I' and G such that

T = GLG' and V = TAT', where L = diag (L1,...,%)),

A

diag (Al,...,xp). The columns of T and G consist of the

eigenvectors of V and T respectively.

Lawley (1956), Mallows (1961), Izenman (1972) and Fujikoshi
(1978) have approximated the eigenvalues and eigenvectors of T
in various papers., The authors have either assumed that Ai's
do not have multiplicity or the approxlimations were established
by tacitly assuming that the eigenvalues and eigenvectors admit

series expansions in the infinitesimal parameter e as follows:

- (1) 2, (2)
(2.2)
- (1) 2, (2)
Gy =Ty +ely ™) + T + ..

and no attempts were made to prove that the series converge.

A more insight treatment to settle this question of convergence

is found in Kato (1976).
Now T(e) and V are linear transformations which operate
on the p-~dimensional complex vector field Cp, € is also complex,

Alz...zkp are the eigenvalues of V: pxp such that
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Ngotn.bq 41 =T Agg aq = O (2.3) :
ql . o & qa_l ql * o @ qa a .::
for a = 1,2,...,r , ay*...*q, =p , q, = 0 and let 2;
Ja (a=1l,...,r) denote the set of integers f
ql+"'+qa—l+1’ crey ql+...+qa. We need the following lemma ] fg
in the sequel. 1A
s
Lemma 2.1. For Hermitian matrices T(e) and V as defined . gg
before, i
T(e) =V + ¢ V(l) + e2 V(2)+...
and V 1is diagonalized as V = diag (Al,...,xp). Then the
. mean eigenvalue of T(e) corresponding to 8, which is the 1
elgenvalue of V with multiplicity q, > is :
- i} 1), 2 -(2)
zaz(e) b, * € 2,7 *e 2,07 +... I
13
1 (1)
— tr Vv
d ao
1 (2) -1 (1) (1) :
= tr{V.=7+ § (6 -16,)"" VvV w3 ;
N e gz, o B af  Ba ;§
o % {4
2
(1) (1) (1))
Vll Vl2 o o o Vlr
v
(1) (1) (1)
\Vrl Vr2 e Vrr
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(1)
and VaB is of order qaqu.

When ql=...qr=l, the above lemma was proved in Lawley (1956).

When quzl (a=1,...,r), the lemma was given implicitly in Kato

(1976). For‘qa=l the normalized eigenvector of T(g) .corresponding

to 6, is Ga(e) = (gla(s),...,Gpa(eJ)', with

a, (g) a,.(e)a, (e) a, (e)a_ ()
G, (g) =+ + i Jja _ P10 %qa
i :ea"}\i: j;a (ea—}‘iT(leu-AJ) (90‘--%1)2
(e) (e)
Coal®) 1-3 ] n " Cmi
J#a (ea-xj)(ﬁgtxg)

where
A(e) = T(e) = V = (aij(E))

The series (2.4), (2.6) are convergent for
2¢c
1 -1
le] < (= +¢y)

-1
where cj,c, > 0 such that IIV(J)II < 01023 for

J=1,2,... , and 4 = min(lea - ea-ll’ lea - 9a+1|)-

.. .i#a

(2.6)

(2.7)
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3. Asymptotic Joint Distributions of Functions of the

Roots of Noncentral Wishart Matrix

Let the columns of X: pxn be distributed as multivariate

normal with covariance matrix I = (cij) and means given by

v:,‘_
A
p2A
e
8
:‘_g
A
/ ) :tig
o
&
4
v
’;
3
&
i

= = se e L eee

E(X) U= (u;, ,gn), where M3 (“31' .ujp). Then, )

S = XX' = (Sij) is distributed as the central or noncentral

Wishart matrix Wp(n,E,M) with n degrees of freedom according &

n e

as M= 0or M# 0 where M= ] p.u! = n(v,,). Now, let 4
: j=1 ~J3~J 1] 2

%) 2%++2 &, denote the eigenvalues of S/n whereas A >-+:>A 2

denote the eigenvalues of E(S/n)'= I +M/n= A. Without

loss of generality, we assume that A = diag. (Al,...,xp).
Also, let

A = & o= A
qptecetq, g+l

N gt o Ry e et
kzéwAm&iéa{mﬁivg.ﬁM“-f"’ Hgiean

I SR T

cee = 8 (3.1)
ql+ +qa o

for a = 1,2, ,r, q; * ¢** +a,=p, and qq = 0.

¥ =
e In this section, we derive the joint asymptotic dis- A
(; 3 ] .00 — . L N N ) 2’ - N A N v e o ’A

| tribution of L,, , Ly where Lj /n {TJ(%I, , p) TJ( 1 p)}

4 and Tj(ll,...,zp) satisfy the following assumptions:

f ) i tic about A,,°*°**,A ;
4 (1) Tj(ll, ,zp) is analy 1 p g
2 AT, (&,,°**,2.) 4
% et G - - 3
. (ii) | =g¢,, = a R
3 2L, g=p 1 e i
- ot U e
e 2 '%
:“ aTi(‘Q]".')S? ) ;‘%
I = - =C., . = & 3
4 . A, ‘ ijjdg 1B q
@ ie T3y =)

;-) -

| 5




N s

Eirrg DTS < ANTH

e T ot £t e w‘.x‘-‘
SO TN AR 5 N e

B R\ e

- s T

So by applying Lemma 2.1

3

97T (8,000, 00)

3%, 9%, ok,
PR PR

1

for Jl € J(l’ .]2 € JB, J3

and Ja denotes the set of integers Q) teeetq

for a = 1,2,++°,r,

€ JY,é' = (Xl.

p

.oo,A ),,Q'

~

1

= (

L

1"
+ l’...'q1+...+ qa

%)

p

Expanding Ti(zl,--o,lp) as the Taylor series, we obtain

r
T.(R, ’ono,f' ) ='T.(A ’ooo,A ) + )‘.a. Z (2. _‘e )
it7l it71 p a=1 laJIFJ J;y a
13 3 ) ) ) )
t 5 . (2. -6 )(%, -0
2 = Ly TiaB : . j. a’*7j, B
a=1l Bg=1 JleJB JZEJB 1 2
1
+ = 11 a, ) ) I (hy =8 )(2; ~8,)(8%; -0.)
. . o ‘Y
6 oy laBy J,e Jm JzaJB J3EJY Jq Jo J3
+ terms of higher degree. (3.3)
Now, let
sS/m=A+ XV (3.4)
/n
where
Vi Viz o Vir
vevr G- - Vo1 Voo *° Vor
L ] L] ]
Ver V2 o Vor

on (3.4), we obtain

13
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r .
_ (1)
L. = Z a, tr 2,77 +

(tr Zgl))(tr zél))} +on™hy (3.5

. where Z(l) =V Z(z)
o o o

-1
B;a 0.8 VaB VBa and 0,8 = 04 - 6g-

a’

Also,

S . s
JqJd
er 2D = vm 7 (2L, ),
o I

jch n
; g =2 7 oo I 1sh
B#a J,ed, JZEJB 12

After some algebraic manipulations, we obtain the following

b e i

expression for the joint characteristic function of L1,~-',Lk: ;§

Pt

K 3

\y(tl’...’tk) = E{exp(l jzl tJ.Lj)} :a;w
k T .

= Blexp(i | ] tja,, tr z{1)) (3.6)
j=1 a=1 Y
k r . Kk r r
x{l+ = (i ] | t.a, tr 2 + 5 ¥ ] t.a,
/o j=1 o=l 3" Jo a 2 j=1 a=1 B=1 J joB

(1) (1)
tr 2,77 tr ZB )

+ O(n-l)}] = El(E) + Ez(E) + EB(E) + O(n"l)

where t' = (tl,...,pk). In Eq. (3.6),

) k r Z(l))T
E(t) = E[exp(l.X Z toag, tr 2,
i=l a=1

e - B
e . e mimae, x o
LSRR ?..zxg;.xi P IER N I RV I  . C
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- etr (-i VB ) | I-2i B z/v8 |2
% expli triM(I-2i B 2//m)~1 B /vi)) (3.7)

where B =
i

e~ =

1 ees o . . 1 ,
ti dlag(cil, ,clp) Also

E.(t) et % % t.a, tr 2(2) x expli % § ty 25 4

2~ /A i=1 o=1 * *° @ 1,71 a;=1 71 171
1

% tr zgl)}]

-1
I L t5240 O
i=l oa=1 B#a JleJa JzeJB

ik
B () &
/ﬂ o

n * * 2 *

L * * 2 +20. . & ..

x = { Y (o, .0, . +0. 7, +0 . &L . 33
n j£1 3131 3g3p dydp 3131739 7 913739173
LI

+ P .
%5,35°33;

", \
. Bl )17 (3.8)

* [jzl(oj132+€331€332)

r I 1

(1)
x exp{i | Y t, a. tr Z.7°1)
P i Zl w1 1 1% oy

-

ti25a8

O U s R ORI
?@ﬁ:‘“ LB o

Ty
N

3
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where

a
|
———
L]
!

Using the expansion that

w J
|I-A|_B = exp B( ) tr A )
j=1 J

in (3.7) and

(1-a)71 = ad

e~ 8

in (3.10), we obtain

[o] .
31dg

Eq. (3.7), (3.8), (3.9) lead to

y(t) = exp(- % t'Qt)

k . k
+X § ity =)
/i i=1 /M iigig

X

Lk
* 21
= a, + = ] § t.c.. 0. 0. .
3ide g i1 =1 TR 5,37390

(i3t

i

1

(3.10)

t. t. Yg t8,+E83)}
1213 1 =2 83

(3.11)
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(1)) (ip) (3)) (ip)
(10,0 5 =2tr R YR Paarn 1y 2
112 12

where Q = (Q

4

and Q is assumed to be nonsingular. Also,

d, = a, 0 (o, . 0. . %+0; . +20. . v. .
LR BRa g d  Jped, © aB’73yd; Jgdg Td3dg TTIpdg 3ydg
+ 0, . V. . %06, . V. . )
SR PRSP PRAG IS P I
. ) 2
d = § _ ) a. L(0T L 20, .oV, L)
2 071 Bl jy€J igtd, 1aB™ "3y 73939 J3dp
(i,) (i,) (iy) (i) (i,) (iy)
g = % trR 'R 2 R 3 +atrr Y ogp 2 3
S L G G Gy
gy = 4 '. oAy 0 (5. . 47, . +T. .
0l Bfa 3 EJ, Jped, 'l 18773139 13335 TJgd,
(iy) (i) (iy)
x (8 347 BT4p 37,

Jpdg J13g Jp3y

rox (i) (i)  (ig)
gg=2 1 1 1 L ay ez Te2r- Tz Te2r T
) o=l B=1 jjed, Jpedg 71 3137 313y Jadp dgdp

(i)

(3.12)

We define here M/n - (vij)

(1)

i

diag(cil,--o,cip)

. M, . L M)
R(i) - C(i) E, ljl(l) = C(l) H' ":'(1) - ZC(l)E, T(l) = nC b
(3.13)

where Aij denotes the (i,j)th element of matrix A = (Aij)'

N ' . L, . -,
TR PR SR A A ‘
N Y A

. - S N N - :’. ¢ N R
3 oS v Vi r et B e BB A
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Now inverting (3,11) we Obtain the following expansion

for density of L = (Ll’ --,Lk)

£(Ly, v+, L) = N(L,Q) x

o+ L Z H, (L)(d,+d,)
/aooi=l “
+ L f CH ,_(L)(g1+gz+g3)l + 0(n~h) (3.14)
whrare N({J,Q) = k/é 1/2" eXp(— % L'Q-IL)
(2m) Q] - ~
)8 (3.15)
Hy ... 3 (L)N(L,Q) = (-1)° N(L,Q)
1’ oL, 3L ~
Jl’...' js
Now,.let Ti(zl,~--,zp) = %;. Then L, = Yn (zi-xi).
Using Egq. (3.14), we obtain the following expression for the
joint density of tﬁe roots 21, a,zp when [ = 021:
-1, 2 2 4
£(Ly, o0, L) = N(L,Q){1 + — § H, (L) Y 835(c“A 40N, ~0")
! P /H i=1 SO A
2 2 -1
121 By, (OG- 2 6®)) + o™
(3.16)
where Q = diag(Q,++-,q) and Q; = 202(2Ai—02). When I=0°I dnd
R N N I o?, Carter and Srivastava (1979)

obtained an alternative expression for the joint density of

21,...,2p by using a different method.
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The general k-dimensional Hermite polynomial of order s>0
is denoted by H., . (x;A) where x = (X;,...,%)' .
1 e y 11’12’.“’ s ~ ~ l ! k
is the polynomial variate and A = (611) is a positive-

definite kxk matrix, 0 < 11 < k for j=1,...,s and

| s
| By, p (x,8) NO6,Q) = (-1)° : N(x,Q) (3.17)
1 ' 2 ' e ’ S - - axi ¢ o o ax - -
1 's
2 where
: - 1 1, -1 i
¥ N(x,Q) = - exp(-» x'Q ~ X) 3.18 £
b < (2ay el . (3.1
z; %
LY >
14 and g
,‘,: . A - Q"'l .;’%
i . , 4
q For dimension k=1, Q=1> is a scalar and A=6= é? 4
T A
Hl(x,G) = x§ ‘%

i
kY

= 3.3 2 (3.19)
Hlll(x'A) =x"¢ -3x6

and T8 az 2,4
J Hl(x,A) N(x,Q)dx = - % L exp (“g") %
-0

& (3.20) 1

AL
i

e ,
A Ta 1 o 1 —a
£ 8 = 1- —
sk I_w Hypp(x,8) Nx,Q)dx = =3 (1-a®) o exp (=3}
i;:‘:: 4 2 T
3 Ty PT1Ta

For the dimension k=2, let Q = o . Then

’ OT1T2 T2

2 pTyT 5.4 8
1 1 2 =172 11 %12
=Q " = 2 |= . f3.2D

;212-(pr T )2
1°2 12

7




Also, we have

Hy(x,8)=x 6;) * %3819

111

(x, A) = xg 6;1+ 3 xixzéildlz + 3 Xy x§26116§9
x5 85,- 3 %) 65.- 3 x, 8y, 8y (3.22)
fypp(%,8) = X 837 61 A 32 x5(28)1635+57 630)
K XyX5(835 + 281;8)5655) X902 S5
- 3 %) 813 8yp = (2635481 859).

L) f
Similar equations for H,(x,A) , Hppo(x%,4) and H122(§,A)

are ohtained by interchanging subscript 1, 2 in H1(§,A),

H111(§,A) and H112(§,A) respectively.

Now

Tob (T,
2 1 . r _s
J J Xy X, N(x,Q)dx, dx,

- 00 - 00

by changing of variables and R

matrix.

Define

Integrating by

o I

b a
r . r s _s
J J_w Ty X; Ty Xg N(§,R)dx1dx2

- 00

1 0 (3.23)
= is the correlation
o) 1
a r _S
X Xg N(§,10dx1dx2 (3.24)

-t

parts, we have

- (9(a)8(B) + po(b)¥(A))

(3.25)

~obs(b) & (A) - pad(a)d(B) + (L-p°) N(a,b;R)

13
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2
Mg o = Mg g = & ¢ (a) ®B) - p"b ¢(b) @(A)
?
2
+ p(1-p”) N(a,b;R)
In general, the recursive relation is

M - bu = (1-p%)s +
Tostl ¥,8 Pros-1 © Mra1,s P

2 .
- (1~ -1y -
-~ (1-p7) b(s LIul sz = POMLL o (3.26)

- = 2 2
Mrel,s T2 My e = (1m0Tdrm g w0 =(1-0T)a (3-1)

X -
u1\-2,s apwu

r-1,s+1
and
H3 o = ~(a%+2) ¢(a) o (B) + p(pz-pzb2—3) $(b) ¢ (4)
+ (a+pb) p(1-p%) N(a,b;R) (3.27)
J
o1 % ~p(a2+2) ¢(a) ¢(B) - (1 + 02 4 02 bz) 6 (b) (A)
+  (1-p?)(a+pb) N(a,b:R)
where

A= (1-p2y~t (a-pb) , B = (1-p2)"% (b-pa)

2
-2
exp ’E‘ (3.28)

> Eﬁl“

¢(a)

o(A) J o(t)dt

“o,l’ u0,2’ "0,3 and Uy 9 are obtained by interchanging a with

b and A with B in By g» ¥ or M3 g and Uy 4 respectively,
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4. Applications in Investigation of the Structures of
Interactions

In this section, we discuss some applications of the
results of Section 3 in studying the power functions of
various tests for the hypothesis of no interaction in two-

way classification model with one observation per cell.

Consider the model

X33 ¥ too, BJ. + i35 + €55 (4.1)
for i=1,...,u, j=1,2,...,8. Here xij denotes the
observation in i~-th row and j-th column, p is the general
mean, o denotes the effect due to i-th row, Bj denotes the
effect due to j-th column and “ij denotes the interaction of
i-th row and j-th column. Also, we assume that eij's are
distributed independently and normally with mean O and

. 2 - - - .
L. = L. o~ X, - T . . =
var;ance o~. Now, lst le %43 Yl'u xé7 X where sx; .
= Y x.., ux,, = Jx,, and usX.. = ] ] x,., Also, let
je1 X =11 i=1 j=1 *J

i

i
D (d..,), X = (Xij)’ W = C& X CsCé X! Cu where Cu is chosen

' - v 1 .
such that Cucu = Iu—l and CuCu = Iu -3 Ju where Ju is the

uxu matrix with all its elements equal to unity. The non-

!
zero eigenvalues of DD are the same (e.g., see Johnsoan and

Graybill (1972)) as the nonzero eigenvalues of W. Also, the

columns of C;X are distributed independently as multivariate

CuMo and a

1
normal with mean vectors given by E(CuX)

. 2
ianc ? = s and m; .
common covariance matrix o Iu 1 where MO (mla) ij

= + 0.,
H al

+ ej gy In addition,

15
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2
JW 1 R = -
E(W/(s-1)) = o"1 _y + (c, MOCSCSMOCu/(s 1)}
- (4.2)
_ZO
and CuMoCsCsMoCu = Cun" Cu = Q where n = (”ij)‘ So, W is

distributed as the noncentral Wishart matrix with (s-1)
degrees of freedom and noncentrality matrix Q. When n=0,
W is distributed as the central Wishart matrix with (s-1)
degrees of freedom.

Let 213 T2 R be the eigenvalues of W/(s~1) and let

-1
Ay2***2A,.) be the nonzero roots of Z,. Then, the problem

0
of testing the hypothesis H: Q = 0 is equivalent to

testing the hypothesis that the eigenvalues of L, are equal.

0
= ' ' B
Suppose n h\ aB where a (al,...,au) and @ (Bl,...,ss).
Then Q = A C\gg Ba C o’ and the nonzero root of Q is
AB'B a'a. Next, we will assume that the rank of n is c.
Then, using the well-known singular value decomposition of
the matrix, we can write n as
t (43
n Al‘ﬁvl+ A ycvc - 3)
2 2

The nonzero eigenvalues of nn' are A1""’Ac and the asso-

ciated eigenvectors are Wyseo s Wy The eigenvectors of

~

n'n corresponding to the eigenvalues A?,...,Ag are Vl""’Yc‘
2
The nonzero eigenvalues of @ are A?,...,Ac.

The problem of testing the hypothesis of no inter-
!
action in two-way classification with one observation per

cell was studied by several authors (e.g., see Tukey (1949)
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o,
and Williams (1951)). The statistic proposed by Tukey
is given by (a'nf)?/(a'&)(8'B) where a' = (8, eeh8),
§ =(81,""BS)) ﬂ=(nij), ai=xi. - X.., BJ-= x.j—x“
and nij = xij - Xy - x.j + X.. . Gollob (1968) and Mandel

(1969) considered the problem of testing the hypotheses
Aj = 0 individually under the model (4 .3) by using the

statistics Fj = zj/ (£l+...+2u Gollob treated

Nk
as independent chi-square variables to get an

) )

17
approximation to the distribution of Fj‘ But zi's are

u-1

neither independent nor distributed as chi-square variables.
Corsten and Van Eijnsbergen (1972) showed that the like-
lihood ratio statistic for testing the hypothesis

Al=...=kc = 0 under the model 4 .3) is (21+...+QC)/

(20+1+...+2u_l).

independently by Johnson and Graybill (1972). Schuurmann,

When c¢=1, this statistic was derived

Krishnaiah and Chattopadhyay (1973) and Krishnaiah and
Schuurmann (1974) discussed the problem of testing the
hypotheses Ai = 0 simultaneously by applving the simultan-
eous tests of Krishnaiah and Waikar (1971) for the equality
of the eigenvalues of the covariance matrix of the multi-
variate normal population. Ghosh and Sharma (19563) studied
the power function of Tukey's test for nij = 0 against the
alternative that nij = A oy Bj. Yochmowitz and Cornell
(1978) derived the likelihood ratio test for Al = ...

against the alternative that Aa # 0 and Aa+l="‘ o

We now compare the power functions of various procedures for

17
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T

testing the hypothesis of no interaction.

Let T,= L, /8 To= (tr W/u—l)““/|w|, T3= (u-c-1) x

1
21/(2c+l+...+2u_l), T4= (u—c«l)(%l+...+Qc)/c(£c+l+...+2u—l).

u-1’

2 . .
When ¢ is unknown, we can use any of the above statistics for

testing the hypothesis of no interaction.

If we use Ti’ we accept of reject H, according as

T <
i 2 c, . (4.4)

where

PIT; < c lHy) = (1-0) (4.5)

The test statistics Tl is based upon the statistic con-
sidered by Krishnaiah and Waikar (1971) for testing the -
sphericity, whereas the test statistic T2 is based upon
the likelihood ratio test statistic for sphericity. The
statistic T4 is the likelihood ratio test statistic (see
Corsten and Van Eijnshergen (1972)) for testir- .e hypothesis
of no interaction of multiplicative compone’ o model (4.3).
Table 1 gives a comparisan of the power functions of
various procedures for testing the hypothesis of no interaction
when 02 is known. The rows corresponding to S denote the
simulated values. The multivariate normal deviates are
generated by the IMSL subroutine GGNRM, and 10,000 trials are
performed for each case, the 95% confidence limit for each

A 2 N
value is then 1.96{f(l-p)/10,000}*, where p is the actural

value from the empirical trials.
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The rows corresponding to N denote the values corresponding to the
first term in the asymptotic expansion. The rows corresponding
to N + O(n-%) give the values corresponding to the T1rst two

terms of the expansion.
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TABLE 1 (continued)

4, = 0.05

AVH.>N~

Type of
AgsAg) Approximation

2,/%

'Y

(trW/p)P

AW’HvNH

AwanAwH+pwv AvleApH+»m+nwv

(W] LotLatl, o+,

wﬁnw+n»v

ww¢

(3,2.5,2,1)

0.36
0.76
0.76

0.59
0.80
0.81

(3,2.5,1,1)

(3,2.5,2.5,1)

(3,1,1,1)

(3,3,2,1)

(3,3,3.1)

(3,3,1,1)
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The radius of convergence is

d

Yo & TTiert i

2LV
3
where 3
V= Vi (S/n-M) ' %
3
We will choose n such that 1//a <y, Now [[V[] = CL(/n(S/n-M)), k-
4

where CL(+) denotes the largest root of vn((S/n)>M),and is .

approximately distributed with mean 0.and variance 202(Al—02).

In Table 1, consider the entry when p=3, Al=12,

Ay = 6 and Ay = 1. In this case, 62 =1,d=12 -2 =5,
with one standard deviation, : )
d U S i
2/202(2A1—02) /7.5

where n=10 is chosen.

When the entry is p = 4, X, = 2.5, Aé= 1.7 and AB =1, ;
2 _ _ - - =

then 07 = 1, Al = 2.5, d Al Az 0.8 and

n = 50.

Lss;:

The table reveals that results based on normal approx-
imations are not sufficiently accurate for n as large as

100, while the asymptotic expression taking the term of

-3 . .
order n ° achieves numerical accuracy for moderate sample

-,

N SR 'fiﬁ&“i?“"““‘v -

sizes. This suggests that care should be given for the

statistical inferences which are based on the normal approximations.

R
Pt

| Next, consider the model (4.1) when 02 is known. In this

=0

case, we accept or reject the hypothesis Xl=...—kc

i

g according as
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,,,,, ML AT ST

where

g
1 .
p[ = S dy 1] = (1-0) | (4.8)

When H is rejected, the hypothesis 0i 0 is accepted or
rejected according as (21/02) S dZa’ When H is true, 21 is
the largest eigenvalue of the central Wishart matrix. Exact
distribution of this statistic is given in Krishnaiah and
Chang (1971) and exaqt percentage points are given in
Krishnaial. (1980). When H is not true, an asymptotic expres-
sion for the distribution of 21 can be obtained as a special
case of (3,14) if A is different from 62,...,6r.

When A1>...>A2>0, Srivastava and Carter (1980) obtained
asymptotic expression of log(21/21+...+2u_1) and Té/(u"l)
by a different method. For a review of the literature on
tests for no interaction in two way classification model

with one observation per cell, the reader is referred to

Krishnaiah and Yochmowitz (1980).

H

IR RO SR |

- . ovae B
PNV CREN Y 8 T PRISNE. 2 §

£

R A T T B Y 1IN

» ey y e v

o




L RS o

R P B R T g

AN AR

A cdasdn

RS

5. Applications in Cluster Analysis and Reduction
of Dimensionality

Lot Xl, “e ’XN be Independent p-dimenslional random

variables. We consider using the sample covariance matrix

S =

~1'Z
[

L (%;-X)(X;-%)
where 8 = N—l(g +...+§N). We wish to test the hypothesis
that §i's come from a single multivariate normal population

with covariance I against the hypothegis that they come

from a mixture of k < p such populations, differing in
l}

means. We assume ¥ ozI. For k=2 the null hypothesis H

1
and the alternative hypothesis H2 are given by

Hy: Xy ~N(u,021)

2 2
Hoy gifva(Bl,o I) + (1=-m) N(EZ'G 1)

where 7 is the mixing probability. Under H, it is known

2
(e.g. see Bryant (1975)) that
N
s~ 7 (N wda-m Iy (n-1,06%1,m
420 J p

j)
My = N ON=3) (o) Gy )

M, is of rank 1. Now, let Az = (El—yz)'(gl—gz)/oz which

J
is proportional to the largest root of MJ/(N-l). When the

null hypothesis is true, we know that

s ~ Wp(N—l,ozT,O).

Let the test statistilces T4 and To be given as below:
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(p—l)zl

T, = + (5.2)
22+...+2p
where 213...32p are eigenvalues of S/(N-1).
If we use the statistice T, io test H;, then we accept or
reject H]_according as
5.3
T, § ey (5.3)
where
= 1- 5.4
P{T, < e,y IHy) 1-o (5.4)

Let fj(') be the asymptotic density of a function of the

eigenvalues of S /(N-1) when j of the samples come from population
1. Under this condition ? ~ Wp(N—l,ozI,M.). So
the unconditional asymptotic density function of the function
of eigenvalue of S is
N

) (?) wd (-mN- 7,04
j=0

The following table gives a comparison of the

asymptotic power value with the simulated value of tests

of Hl against H2 for r=4, «=0.05, 7 = mixing probability,
A= ||E1—EZII/0 , N = sample siza.
T = .25 m = ,50
Test A=1 2 3 A=1 2 3
T .02 .42 ,95 - .02 .63 1.00
Simu. .07 .45 ,94 .07 .62 1.00

N= 51
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™= ,50
2 3 A1 2 3

.07 .68 .99 .11 .88 1.00

N=61 12
Simu. .11 .70 .98 .14 .86 1.00
Ty .05 .761.00 .08 .96 1.00
Simu. .13 .781.00 .21 .96 1,00

N=101

T, .13 ,931,00 .22 1.00 1.00
Simu. .13 .931.00 - .27 1.00 1.00

When A = 1, the largest roots of MJ/(N—I) are close to
zero, the radius of convergence for perturbation approx-
imation of eigenvalues is small, and the asypmtotic expression
does not give good approximation. Note, that if the means
under Hz are separated by more than two or three standard
derivations, that is,for A = 2,3, one may reasonably expect to
detect the presence of two components, while if they are
separated by less than two standard derivations the detection
generally will not be gooﬁ.

Consider k p-variate normal populations with unknown

mean vectors Myoeoosty and a common known covariance matrix
L. We assume that ni.observations are avallable from i-th
population and the sample mean vector and corrected sum of
squares and cross-products (SP) matrix based on these obser-

vations are respectively gilven by gi and Sj. The SP matrix

which explain the variation between groups is given by
1% - =t
B = n, (% -X.. -X..
3=1 ¢ )05
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and n = n1+...+nk. Now, let 2 >...32p denote the eigen-

1=
values of Bx—l. Fisher (1939) studied the problem of whether
there are any structural relations between the p components
of mean vectors. This is equivalent to testing the hypo-

thesis HO where
W iy = (5.6)

for 1 = 1,4,...,k where C: sxp and £ are unknown and the
rank of C is s. We assume that t<k-1 wheret = p~s The
likelihood ratio statistic for testing H, is given by

U1 = (2t+1+...+2p). A detailed discussion of the above pro-
cedure was given in Rao (1965). The statistic BI™F

is distributed as the noncentral Wishart matrix with ¥y degrees

of freedom and

BB Yy = xk-1) 1 + o5t

i

L x (5.7)
where ¥ = k-1

k
2= ] G-I (uy-Ea) (5.8)

and ny = nypgte.En . Also, let A >-++>)  denote the roots
of Z,. The distribution of Ul can be obtained as a special
case of (3.14) and so the power of the likelihood ratio test

for Ho can be studied using the results in this paper.




6. Asymptotic Joint Distribution of Functions of the
Eignevalues of Multivariate Quadratic Form

In this scction we shall derive the joint asymptotic
distributions of functions of eiéenvalues of the multivariate
quadratic form S = XGX', where we assume that GS= o(L), for
whatever power s raised on G. G is a symmetric matrix and
the columns of X: pxn are distributed independently as

multivariate normal with covariance matrix I = (oij) and means

E(X) = U = (El""'En)' Then
trG uGu!
E(S/n) = _ﬁi Lo+ = A= diag(kl,...,kp), (6.1)
Also assume that
A = ... = A = 0 (6.2)
q1+...+ qa_l'*'l q1+-o.‘*qa o
for a=1,2,...,r, q1+...+qr= p, and q0=0 and let 213...3£p

be the eigenvalues of S/n.

We consider the joint asymptotic distribution of

Ly,..., Ly where LJ = v/n {TJ(Ql,...,zp) - TJ\Al,...,Ap)],
which satisfy assumptions of (3.2). Let

S/n = A+ V//n - (6.3)
Using the Taylor expansion of Ti(zl,...,ﬁp) for i=1,2,...,k,

as in (3. 3) and the application of Lemma 2.1 we obtain the

same equations as (3.5), (3.6) and the characteristic function
)

-1
= E,(t) + Eq(t) + Eg(t) + 0(n ™)

W(ti,...,t

k)
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where @ is the Kronecker product, and as in (3.7)
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Use the expansion that
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(6.6)

b and tr £E' (GRB,) = tr BUGU'.
3; % We obtain the characteristic function as
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(h3+h4+h5)] + O(n'l) (6.7)
where 3
2 (i;) (i,) (11) (2,i,) |
= - trG 1 2 1 r+9/ §
R=(@Q; ), Q, 5, =2 <~ trR R + 4 tr R :
i1, i1 n v
2
h, = f ) ) 128 (6 o + o )
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Inverting the characteristic function, we obtain the
following expression for the asymptotic Joint distribution of
L= (L

1
1""’Lk) .

f(Ll,oto’Lk) = N(E"Q) .
1 kK
x [1 + /;‘_- 121 Hi(&)(hl"'hz) (6.10)
1 1§ -1
A H . (L)(h,+h,+h )l +0(n )
/A 1,151, 11,157 ~7773774°75

where N(L,Q) and H, (L), Hy 5 4 (L) are as defined Eq.(3.15)
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?. Asymptotic Distributions of Functions of the

Roots of the Complex Wishart Matrix

Let 2 = Zl + 1 22 be a pxn matrix and let the rows
of (Zi: Zé) be distributed independently as multivariate

normal with covariance matrix

and let the mean vector of J-th row of (Zi: Zé) be

ui = (ugl) , ugz) ). Also let S = Z%Z' where Z denotes the
complex conjugate of Z. Then, the distribution of 8§ is

~

known to be central or noncentral complex Wishart matrix

with n degrees of freedom according as M=0or N=0. vhere

M= UU', E(Z) = U. The expected value of S is given by

E(S) = 2n(Z;-iZ,) + Y

The matrix S is Hermitian and the eigenvalues of S/n are

denoted by

La>e0 >

1-"""="p.
In the sequel, we assume that E(é) = n diag. (Al,...,lp) and

A >...3Ap. In addition, we assume that ki's have multiplicity

12
as in (3.1). Now, let
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for j = 1,2,...,k and the function Tj(ll,...,zp) satisfy the

assumptions (3.2) and (3.L). Then, following the same lines




as in Section 3 for the real case, we obtain the following
asymptotic expression for the joint density of Ll' LZ,...,Lk'
[1 =
1Y k /31 dg
1 k U ,
+ Hy 5 3 (L)(g,+8o+Eq)
My a,1m1 Taiply ~ PLTE2TES ]
-1 ’
+ 0(n ™) .o (7.2)
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Krishnaiah and lLee (1977) derived the asymptotic joint

AR TR ES

distributions of the linear combinations and ratios of the

linear combinations of the eigenvalues of the central complex

AN RS

Wishart matrix when the roots are simple. These results are

special -cases of the results in this section.
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